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Abstract. We present two implementations of dense matrix multiplication based on two different non-canonical array layouts: one based on
a hypermatrix data structure (HM) where data submatrices are stored
using a recursive layout; the other based on a simple block data layout
with square blocks (SB) where blocks are arranged in column-major order. We show that the iterative code using SB outperforms a recursive
code using HM and obtains competitive results on a variety of platforms.

1

Introduction

A matrix representation is a method used by a computer language to store matrices of more than one dimension in memory. Fortran and C use different schemes.
Fortran uses ”Column Major”, in which all the elements for a given column are
stored contiguously in memory. C uses ”Row Major”, which stores all the elements for a given row contiguously in memory. These two schemes are considered
canonical storage. The default column/row-major order used by programming
languages such as Fortran and C limits locality to a single dimension.
As processor speed continues to increase relative to memory speed, locality
optimizations get to be a significant performance issue for algorithms operating
on large matrices. Data has to be reused in cache as effectively as possible: locality has to be exploited. In low associativity caches conflicts should be avoided or
reduced. A considerable amount of research has been conducted towards achieving an effective use of memory hierarchies. Next, we provide an overview of such
work. Although we tried to be complete we are sure we missed some references.
Performance can only be obtained by matching the algorithm to the architecture
and vice-versa [1]. Conventional techniques such as tiling [2–4], precopying [5]
and padding [5, 6] have been used extensively. In addition, alternative storage
formats have been proposed to address the issue of locality.
1.1

Serial dense codes using non-canonical array layouts

A submatrix storage was proposed in [7] with the purpose of minimizing the page
faulting occurring in a paged memory system. The authors partition matrices
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into square submatrices, keeping one submatrix per page, obtaining orders of
magnitude improvement in the number of page faults for several common matrix
operations.
In the last ten years there have been several studies on the application of
non-canonical array layouts in uniprocessor environments. Recursivity has been
introduced into linear algebra codes. Block recursive codes for dense linear algebra computations appear to be well-suited for execution on machines with deep
memory hierarchies because they are effectively blocked for all levels of the hierarchy [8, 9]. Unfortunately, block recursive algorithms do not interact well with
the TLB [10]. This has led to the eruption of new storage formats [11–16].
Different authors refer to a given data layout using different names. A data
layout where matrices are stored as submatrices which are in turn stored by
columns has been named as Submatrix storage in [7], BC in [11, 17], SB in [14,
18–20], 4D in [21], BDL in [22], and TDL in [23]. In this document we will refer
to such data layout as SB (Square Block Format). This name reflects the square
nature of the submatrices and is the one used most extensively in the literature.
Some studies have focused on the use of quadtrees or Space Filling Curves
(SFC) for serial dense codes. In [24], a recursive matrix multiplication algorithm
with quadtrees was presented. This algorithm uses recursion down to the level
of single array elements which causes a dramatic loss of performance. Later, the
same authors improved performance by stopping recursion at 8 × 8 blocks [25].
In [26] the authors have experimented with five different SFCs (U, X, Z, Gray and
Hilbert) on the matrix multiplication algorithm. The performance reported was
similar for all five. Morton (Z) order has relative simplicity in calculating block
addresses compared to the other orderings and is often the order of choice. In
spite of its relative simplicity compared to other layouts, calculation of addresses
in Morton layout is expensive. There are several indexing techniques which differ
in their structure, but which all induce Morton order: Morton, level-order, and
Ahnentafel indexing. These indexing schemes require bit manipulation unless a
lookup table is precomputed [21]. Bit masks can be used when dimensions are
powers of two [27]. However, this requires padding.
Tiling can also be applied to non-canonical data layouts. In [22] the authors
show that improved cache and TLB performance can be achieved when tiling is
applied to both Block Data Layout (BDL) and Morton layout. In their experiments matrix multiplication with an iterative code using BDL was often faster
than a recursive code using Morton layout. As we will comment below, our results agree with this: our iterative tiled algorithm working on SB outperforms
the recursive code operating on hypermatrices. Authors have also investigated
on tile size selection for non-canonical array layouts [28, 22, 29] and have come
to similar conclusions to the case of canonical storage: blocks should target the
level 1 cache.

2

A bottom-up approach

We have studied two data structures for dense matrix computations: a Hypermatrix data structure [30] and a Square Block Format [14]. We present them in

section 3. In both cases we drive the creation of the structure from the bottom:
the inner kernel fixes the size of the data submatrices. Then the rest of the data
structure is produced in conformance. We do this because the performance of the
inner kernel has a dramatic influence in the overall performance of the algorithm.
Thus, our first priority is to use the best inner kernel at hand. Afterwards, we
can adapt the rest of the data structure (in case hypermatrices are used) and/or
the computations.
2.1

Inner kernel based on our Small Matrix Library (SML)

In previous papers [31, 23] we presented our work on the creation of a Small
Matrix Library (SML): a set of routines, written in Fortran, specialized in the
efficient operation on matrices which fit in the first level cache. The advantage
of our method lies in the ability to generate very efficient inner kernels by means
of a good compiler. Working on regular codes for small matrices, most of the
compilers we have used in different platforms create very efficient inner kernels
for matrix multiplication. We use the matrix multiplication routine within our
SML as the inner kernel of our general matrix multiplication codes.

3

Non-canonical array layouts

In this section we briefly describe two non-canonical data layouts: a hypermatrix
scheme and a simple square block format.
3.1

Hypermatrix structure

We have used a data structure based on a hypermatrix (HM) scheme [30], in
which a matrix is partitioned recursively into blocks of different sizes. The HM
structure consists of N levels of submatrices, where N is an arbitrary number.
In order to have a simple HM data structure which is easy to traverse we have
chosen to have blocks at each level which are multiples of the lower levels. The top
N-1 levels hold pointer matrices which point to the next lower level submatrices.
Only the last (bottom) level holds data matrices (see Figure 1). Data matrices
are stored as dense matrices and operated on as such. Hypermatrices can be seen
as a generalization of quadtrees. The latter partition each matrix precisely into
four submatrices [32].


      

      

      

      

Fig. 1. Hypermatrix: example with two level of pointer matrices.

Data
Submatrices

We have used a HM on dense Cholesky factorization and matrix multiplication with encouraging results. In [33] we showed that the use of orthogonal
blocks [34] was beneficial to obtain performance. However, this approach presents
some overhead following pointers and recursing down to the data submatrix level.
There are also difficulties in the parallelization [35]. For these reasons we have
also experimented with a Square Block Format.
3.2

Square Block Format

The overhead of a dense code based on recursion and hypermatrices together
with the difficulties to produce efficient parallel code based on this data structure,
has led us to experiment with a different data structure. We use a simple Square
Block Format (SB ) [14] stored as a 4D array. It corresponds to a 2D data layout
of submatrices kept in column-major order as can be seen in the left part of
Figure 2. We use a simple data structure which is described graphically in the
right part of Figure 2. The shaded area at the top represents padding introduced
to force data alignment.
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Fig. 2. Square Block Format.

Using this data structure we were able to improve the performance of our
matrix multiplication code, obtaining very competitive results. Our code implements tiling and we use a code generator to create different loop orders. We
present the results obtained with the best loop order found.

4

Results

We present results for matrix multiplication on three platforms. The matrix
multiplication performed is C = C − AT × B. Each of the following figures
shows the results of DGEMM in ATLAS [36], Goto [37] or the vendor BLAS,
and our code based on SB format and our SML. Goto BLAS are known to
obtain excellent performance on Intel platforms. They are coded in assembler

and targeted to each particular platform. The dashed line at the top of each
plot shows the theoretical peak performance of the processor. Some plots show
the performance obtained with the dense codes based on the hypermatrix (HM)
scheme. It can be seen on the plots that SB outperforms HM.

Fig. 3. Performance of DGEMM on Intel Pentium 4 Xeon.

Fig. 4. Performance of DGEMM on Intel Itanium 2.

For the Intel machines (figures 3 and 4) we have included the Mflops obtained with a version of the ATLAS library where the hand-made codes were
not enabled at ATLAS installation time1 . We refer to this code in the graphs
1

Directory tune/blas/gemm/CASES within the ATLAS distribution contains about 90
files which are, in most cases, written in assembler, or use some instructions written
in assembler to do data prefetching. Often, one (or more) of these codes outperform
the automatically generated codes. The best code is (automatically) selected as the
inner kernel. The use of such hand-made inner kernels has improved significantly the
overall performance of ATLAS subroutines on some platforms.

Fig. 5. Performance of DGEMM on Power 4.

as ’nc ATLAS’. We can observe that in both cases ATLAS performance drops
heavily. SB with SML kernels obtain performance close to that of ATLAS on the
Pentium 4 Xeon, similar to ATLAS on the Itanium 2, and better than ATLAS
on the Power4 (Figure 5). For the latter we show the Mflops obtained by the
vendor DGEMM routine which outperforms both ATLAS and our code based
on SB. We can see that even highly optimized routines provided by the vendor
may be significantly slower under certain circumstances. For instance, some large
leading dimensions can be particularly harmful and produce lots of TLB misses
if data is not precopied. At the same time, data precopying must be performed
selectively due to the overhead incurred at execution time [6]. These problems
can be avoided using non-canonical array layouts.

5

Conclusions

The results obtained with an iterative code working on a Square Block Format
surpass those obtained with a recursive code which uses a hypermatrix. This
happens even when the upper levels of the hypermatrix are defined so that
the upper levels of the memory hierarchy are properly exploited. This is due
to the overhead caused by recursion. We conclude that a simple Square Block
format provides a good way to exploit locality and iterative codes can outperform
recursive codes. Our results agree with those presented in [22, 38].
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