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Abstract - In this paper we present an im-

prove  m  e  nt  to  o  ur  s e que nti al i n- co re i m pl e -

mentation of a sparse Cholesky factorization

based on a hypermatrix storage structure.

We allow the inclusion of additional zeros in

data submatrices to create larger blocks and

in this way use more efficient routines for

matrix multiplication. Since matrix multi-

plication takes about 90% of the total fac-

torization time this is an important point to

optimize.

1 Introduction

Sparse Cholesky factorization is heavily
used in several application domains, includ-
ing finite-element and linear programming
algorithms. It forms a substantial propor-
tion of the overall computation time in-
curred by those methods. Consequently,
there has been great interest in improv-
ing its performance [6, 18, 20]. Meth-
ods have moved from column-oriented ap-
proaches into panel or block-oriented ap-
proaches. The former use level 1 BLAS
while the latter have level 3 BLAS as com-
putational kernels [20]. Operations are
thus performed on blocks (submatrices).
Our work addresses the optimization of the
sparse Cholesky factorization of large ma-
trices. For this purpose, we use a Hyper-
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matrix [8] block data structure with static
block sizes.

Amalgamation [1] has been used for a
long while in sparse codes. It consists in
joining supernodes with different structures
allowing for the presence of zeros. This is
used to produce larger blocks and thus im-
prove the performance by a better use of the
machine resources via BLAS3 routines. We
have borrowed the term to express the de-
liberate inclusion of zeros in data submatri-
ces in an attempt to improve performance.
In this paper we present the way we intro-
duce extra zeros within data submatrices.
Then, we show the performance improve-
ment obtained with this technique.

1.1 Background

Block sizes can be chosen either statically
(fixed) or dynamically. In the former case,
the matrix partition does not take into ac-
count the structure of the sparse matrix. In
the latter case, information from the elim-

ination tree [15] is used. Columns hav-
ing similar structure are taken as a group.
These column groups are called supern-

odes [16]. Some supernodes may be too
large to fit in cache and it is advisable to
split them into panels [18, 20]. In other
cases, supernodes can be too small to yield
good performance. This is the case of su-
pernodes with just a few columns. Level
1 BLAS routines are used in this case and
the performance obtained is therefore poor.
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This problem can be reduced by amal-

gamating several supernodes into a single
larger one [1]. Although, some null ele-
ments are then both stored and used for
computation, the resulting use of level 3
BLAS routines often leads to some perfor-
mance improvement.

1.2 Hypermatrix representa-
tion of a sparse matrix

Sparse matrices are mostly composed of ze-
ros but often have small dense blocks which
have traditionally been exploited in order
to improve performance [6]. Our approach
uses a data structure based on a hyperma-
trix (HM) scheme [8, 19]. The matrix is
partitioned recursively into blocks of dif-
ferent sizes. The HM structure consists
of N levels of submatrices. The top N-

1 levels hold pointer matrices which point
to the next lower level submatrices. Only
the last (bottom) level holds data matrices.
Data matrices are stored as dense matri-
ces and operated on as such. Null pointers
in pointer matrices indicate that the corre-
sponding submatrix does not have any non-
zero elements and is therefore unnecessary.
Figure 1 shows a sparse matrix and a sim-
ple example of corresponding hypermatrix
with 2 levels of pointers.

Figure 1: A sparse matrix and a corre-
sponding hypermatrix.

The main potential advantages of a HM
structure over 1D data structures, such as
the Compact Row Wise structure, are: the
ease of use of multilevel blocks to adapt
the computation to the underlying memory

hierarchy; the operation on dense matri-
ces; and greater opportunities for exploiting
parallelism. A commercial package known
as PERMAS uses the hypermatrix struc-
ture [3]. It can solve very large systems out-
of-core and can work in parallel. However,
the disadvantages of the hypermatrix struc-
ture, namely the storage of and computa-
tion on zeros, introduce a large overhead.
This problem can arise either when a fixed
partitioning is used or when supernodes are
amalgamated. In [2] the authors reported
that a variable size blocking was introduced
to save storage and to speed the parallel ex-
ecution. In this way the HM was adapted
to the sparse matrix being factored. The re-
sults presented in this paper, however, cor-
respond to a static partitioning of the ma-
trix into blocks of fixed sizes.

1.3 Machine and matrix char-
acteristics

Execution took place on a 250 MHz MIPS
R10000 Processor. The first level in-
struction and data caches have size 32
Kbytes. There is a secondary unified in-
struction/data cache with size 4 Mbytes.
This processor’s theoretical peak perfor-
mance is 500 Mflops.

We have used several test matrices. All
of them are sparse matrices correspond-
ing to linear programming problems. QAP
matrices come from Netlib [17] while oth-
ers come from a variety of linear multi-
commodity network flow generators: A Pa-
tient Distribution System (PDS) [5], with
instances taken from [7]; RMFGEN [4];
GRIDGEN [14]; TRIPARTITE [9]. Table 1
shows the characteristics of several ma-
trices obtained from such linear program-
ming problems. Matrices were ordered with
METIS [13] and renumbered by an elimina-
tion tree postorder.



Table 1: Matrix characteristics

Matrix Dimension NZs NZs in La Density Flops to factorb

GRIDGEN1 330430 3162757 130586943 0.002 278891
QAP8 912 14864 193228 0.463 63
QAP12 3192 77784 2091706 0.410 2228
QAP15 6330 192405 8755465 0.436 20454

RMFGEN1 28077 151557 6469394 0.016 6323
TRIPART1 4238 80846 1147857 0.127 511
TRIPART2 19781 400229 5917820 0.030 2926
TRIPART3 38881 973881 17806642 0.023 14058
TRIPART4 56869 2407504 76805463 0.047 187168

pds1 1561 12165 37339 0.030 1
pds10 18612 148038 3384640 0.019 2519
pds20 38726 319041 10739539 0.014 13128
pds30 57193 463732 18216426 0.011 26262
pds40 76771 629851 27672127 0.009 43807
pds50 95936 791087 36321636 0.007 61180
pds60 115312 956906 46377926 0.006 81447
pds70 133326 1100254 54795729 0.006 100023
pds80 149558 1216223 64148298 0.005 125002
pds90 164944 1320298 70140993 0.005 138765

aNumber of non-zeros in factor L (matrix ordered using METIS).
bNumber of floating point operations (in Millions) necessary to obtain L from the original matrix (ordered
with METIS).

1.4 Previous work

Our previous work on sparse Cholesky fac-
torization with the hypermatrix data struc-
ture was focused on the reduction of the
overhead caused by the unnecessary opera-
tion on zeros.

We developed a set of routines which
can operate very efficiently on small ma-
trices. We create a library which we call
the Small Matrix Library (SML) by fixing
as many parameters as possible at compila-
tion time [10]. Using rectangular data ma-
trices we adapt the storage to the intrinsic
structure of sparse matrices.

In [11] we showed that the use of windows
within data submatrices and a 2D schedul-
ing of the computations was necessary to
improve performance. By keeping informa-
tion about the actual space within a data
submatrix which stores non-zeros (dense
window) we can reduce both storage and

computation. We define windows of non-
zeros within data submatrices. Figure 2a
shows a window of non-zero elements within
a larger block. The window of non-zero ele-
ments is defined by its top-left and bottom
right corners. All zeros outside those lim-
its are not used in the computations. Null
elements within the window are still stored
and computed. We also extended our SML
library with routines which deal with ma-
trices with windows. We keep the leading
dimension fixed, while loop limits can be
given as parameters. Some of these rou-
tines have all loop limits fixed, while oth-
ers have only one, or two of them fixed.
Other routines have all the loop limits given
as parameters. The appropriate routine is
chosen at execution time depending on the
windows involved in the operation. Thus,
although zeros can be stored above or un-
derneath a window, they are not used for
computation. Zeros can still exist within



the window but, in general, the overhead
is greatly reduced. Routines where all pa-
rameters are fixed at compilation time are
more efficient than those which use param-
eters passed at run time.
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Figure 2: a) A data submatrix and a win-
dow within it. b) Windows can reduce the
number of operations.

Approximately 90% of the sparse
Cholesky factorization time comes from
matrix multiplications. Thus, a large
effort must be devoted to perform such
operations efficiently. We have 4 codes
specialized in the multiplication of two
matrices. Figure 3 shows graphically the
data used by each routine. The most effi-
cient is the one on the left. Their efficiency
diminishes as we move to the right. The
names and characteristics of each routine,
from left to right, are: mxmt full operates
on the entire matrices, mxmt win 1dc uses
windows in columns; mxmt win 1dr uses
windows in rows; finally, mxmt win 2d uses
windows in both dimensions and is the

slower code amongst all 4 codes.

Figure 3: Four matrix multiplication rou-
tines deal with different input matrices.

2 Intra-Block Amalga-

mation

In this section we present an aspect of the
work we have done to improve the perfor-
mance of our sparse Hypermatrix Cholesky
factorization.

The usage of windows reduces the num-
ber of unnecessary operations on zeros.
However, routines which work on submatri-
ces with windows have a considerably lower
performance than that of the routine for full
data submatrices, where all leading dimen-
sions and loop trip counts are fixed at com-
pilation time (see the analysis in [11]). Per-
forming a slightly higher number of opera-
tions with a faster routine could some times
pay off. For this reason we have decided to
add the possibility to extend windows with
rows or columns full of zeros.

Figure 4 shows a rectangular data subma-
trix with a window defined within it. That
window saves operations in both columns
and rows. Each time this matrix needs
to be multiplied by another matrix the
mxmt win 2d code will be used. Since this
is the slower code amongst our 4 matrix
multiplication routines, this can produce a
reduction in performance.

Figure 5 shows how we can extend the
window row-wise. We are aware that the
resulting window will have rows full of ze-
ros either at the top or at the bottom. This
introduces extra overhead due to the extra
number of operations on such zeros. How-
ever, this can reduce the number of calls to
routine mxmt win 2d. Instead, some new
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Figure 4: Original data submatrix before
intra-block amalgamation.

calls to mxmt win 1dc can be done. Since
the latter routine is more efficient than the
former, this can result in a performance im-
provement as long as the number of unnec-
essary operations on zeros is not too large.
We only perform such amalgamation if the
dimension of the window is close to the di-
mension of the data submatrix. We define
a threshold for rows and another one for
columns.
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Figure 5: Data submatrix after row-wise
intra-block amalgamation.

Figure 6 shows how we can extend the
window column-wise. In this case, the re-
sulting window will have columns full of ze-
ros in at least one of its sides. Again, this
can reduce the number of times in which
routine mxmt win 2d is used. In this case,
such calls could be replaced by calls to
mxmt win 1dr.

Finally, figure 7 shows how we can ex-
tend the window both row and column-
wise. In this case, the resulting window
matches the whole data submatrix. Again,
this action can reduce the number of times
routine mxmt win 2d is used. In this case,
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Figure 6: Data submatrix after column-
wise intra-block amalgamation.

such calls could be replaced by calls to any
of the 3 other matrix multiplication rou-
tines (either mxmt full, mxmt win 1dc or
mxmt win 1dr) depending on the other ma-
trix involved in the multiplication.
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Figure 7: Data submatrix after apply-
ing both row and column-wise intra-block
amalgamation.

3 Results

Given a 4 × 32 data block, we have in-
troduced intra-block amalgamation in rows
and columns. We have used values from 0
to 3 for row-wise amalgamation and 0 to
9 for column-wise amalgamation. A row-
wise amalgamation with value 3 means that
no routines dealing with windows in rows
would be used. Next, we show details on
the performance obtained using several val-
ues of row and column-wise amalgamation
for some sparse matrices: QAP8 (fig. 8) ,
QAP12 (fig. 9), TRIPART1 (fig. 10), TRI-
PART2 (fig. 11), pds10 (fig. 12) and pds20
(fig. 13). Effective Mflops are presented.



They refer to the number of useful float-
ing point operations performed per second.
This metrics excludes useless operations on
zeros performed by the HM Cholesky algo-
rithm when data submatrices contain zeros.

Figure 8: Intra-block amalgamation: ma-
trix QAP8.

Figure 9: Intra-block amalgamation: ma-
trix QAP12.

Figure 10: Intra-block amalgamation: ma-
trix TRIPART1.

In all cases, row-wise amalgamation with
values 1 and 2 obtain the best performance.
There are several values for column-wise
amalgamation with similar performance.
We have chosen a value of 5 for the latter
since this was often the best one or nearly
the best.

Figure 11: Intra-block amalgamation: ma-
trix TRIPART2.

Figure 12: Intra-block amalgamation: ma-
trix pds10.

Figure 14 shows the performance ob-
tained with our sparse HM Cholesky code
with and without intra-block amalgama-
tion. In both cases SML routines and win-
dows have been used. The block sizes are
also the same in both cases: 4 × 32 as the
data submatrix size; 32 × 32 for the next
pointer level, and 512 × 512 as the upper
pointer level.

Finally, we present results obtained by
five different sparse Cholesky factorization
codes. Figure 15 shows the results obtained
with each of them for the set of matrices

Figure 13: Intra-block amalgamation: ma-
trix pds20.



Figure 14: Performance of sparse HM
Cholesky without and with intra-block
amalgamation.

introduced above. Matrix families are sep-
arated by dashed lines.

Figure 15: Performance of several sparse
Cholesky factorization codes.

The first bar corresponds to a supern-
odal left-looking block Cholesky factoriza-
tion (SN-LL (Ng-Peyton)) [18]. The second
bar shows the performance obtained by the
sequential version of a 2D block-oriented
approach [21] as found in the SPLASH-
2 [22] suite. Although submatrices are
kept in a two-dimensional data layout this
code fails to produce efficient factorizations
for large matrices. The third and fourth
bars correspond to sequential versions of
the supernodal left-looking (SN-LL) and su-
pernodal multifrontal (SN-MF) codes in the
TAUCS package (version 2.2) [12]. In these
codes the matrix is represented as a set
of supernodes. The dense blocks within

the supernodes are stored in a recursive
data layout matching the dense block oper-
ations. The performance obtained by these
two codes is quite uniform.

Finally, the fifth bar shows the perfor-
mance obtained by our right looking sparse
hypermatrix Cholesky code (HM). We have
used windows [11] within data submatri-
ces and SML [10] routines to improve our
sparse matrix application based on hyper-
matrices. Values 1 for row-wise and 5 for
column-wise amalgamation have been used.
A fixed partitioning of the matrix has been
used. We present results obtained for data
submatrix sizes 4×32 and upper hyperma-
trix levels with sizes 32× 32 and 512× 512.

4 Conclusions

A performance improvement was always
achieved for row-wise amalgamation with
values 1 and 2. A value around 5 was usu-
ally the best for column-wise amalgama-
tion on the matrices tested. Using intra-
block amalgamation by rows with a value
of 1, and by columns with a value of 5, pro-
duces a performance improvement between
3% and 12.9% with an average of 5.3% on
our sparse matrix test suite on an R10000
processor.

When we introduce intra-block amalga-
mation we increase the overhead associated
with the unnecessary operations on zeros.
Thus, the next step towards performance
improvements could come from a new data
storage for data submatrices. In the future,
we plan to add the possibility to store data
submatrices as supernodes. In this way we
could join several non-consecutive rows in
a consecutive fashion in the same way as a
code based on supernodes. We believe this
could reduce the overhead since the stor-
age and operation on zeros could be avoided
while the efficient execution with BLAS3
would still remain.
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