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Abstract
The sparse hypermatrix storage scheme produces a recursive2D partitioning

of a sparse matrix. Data subblocks are stored as dense matrices. Since we are
dealing with sparse matrices some zeros can be stored in those dense blocks.
The overhead introduced by the operations on zeros can become really large
and considerably degrade performance. In this paper, we present several tech-
niques for reducing the operations on zeros in a sparse hypermatrix Cholesky
factorization. By associating a bit to each column within a data submatrix we
create a bit vector. We can avoid computations when the bitwise AND of their
bit vectors is null. By keeping information about the actualspace within a data
submatrix which stores non-zeros (dense window) we can reduce both storage
and computation.

Keywords: Sparse Hypermatrix Cholesky, bit vector, dense window

1. Introduction

Sparse Cholesky factorization is heavily used in several application do-
mains, including finite-element and linear programming methods. It often
takes a large part of the overall computation time incurred by those methods.
Consequently, there has been great interest in improving its performance (Duff,
1982; Ng and Peyton, 1993; Rothberg, 1996). Methods have moved from
column-oriented approaches into panel or block-oriented approaches. The for-
mer use level 1 BLAS while the latter have level 3 BLAS as computational
kernels (Rothberg, 1996). Operations are thus performed onblocks (subma-
trices). A matrixM is divided into submatrices of arbitrary size. We call
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Mbri,bcj
the data submatrix in block-rowbri and block-columnbcj . Figure 1

shows 3 submatrices within a matrix. The highest cost withinthe Cholesky
factorization process comes from the multiplication of data submatrices. In
order to ease the explanation we will refer to the three matrices involved in a
product asA, B andC. For block-rowsbr1 and br2 (with br1 < br2), and
block-columnbcj each of these blocks isA ≡ Mbr2,bcj

, B ≡ Mbr1,bcj
and

C ≡ Mbr2,br1
. Thus, the operation performed isC = C − A × Bt, which

means that submatricesA andB are used to produce an update on submatrix
C.

Block size can be chosen either statically (fixed) or dynamically. In the for-
mer case, the matrix partition does not take into account thestructure of the
sparse matrix. In the latter case, information from theelimination tree(Liu,
1990) is used. Columns having similar structure are taken asa group. These
column groups are calledsupernodes(Liu et al., 1993). Some supernodes may
be too large to fit in cache and it is advisable to split them into panels(Ng
and Peyton, 1993; Rothberg and Gupta, 1991). In other cases,supernodes
can be too small to yield good performance. This is the case ofsupernodes
with only one or a few columns. Level 1 BLAS routines are used in this case
and the performance obtained is therefore poor. This problem can be light-
ened byamalgamatingseveral supernodes into a single larger one (Ashcraft
and Grimes, 1989). Then, some null elements are both stored and used for
computation. However, the use of level 3 BLAS routines oftenresults in some
performance improvement.
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Figure 1. Blocks within a matrix: definition and example of use.

In this paper we address the problem of dealing with zeros within subma-
trices. This problem can arise either when a fixed partitioning is used or when
supernodes are amalgamated. We present several techniqueswe have used to
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reduce the overhead introduced by the fact that data submatrices are stored and
operated on as dense. This is interesting in the context where we are focused:
the optimization of theHypermatrix(Fuchs et al., 1972) data structure.

Hypermatrix representation of a sparse matrix

Sparse matrices are mostly composed of zeros but often have small dense
blocks which have traditionally been exploited in order to improve perfor-
mance (Duff, 1982). Our application uses a data structure based on a hyper-
matrix (HM) scheme (Fuchs et al., 1972; Noor and Voigt, 1975). The ma-
trix is partitioned recursively into blocks of different sizes. The HM structure
consists ofN levels of submatrices. The topN-1 levels hold pointer matrices
which point to the next lower level submatrices. Only the last (bottom) level
holds data matrices. Data matrices are stored as dense matrices and operated
on as such. Null pointers in pointer matrices indicate that the corresponding
submatrix does not have any non-zero elements and is therefore unnecessary.
Figure 2 shows a sparse matrix and a simple example of corresponding hyper-
matrix with 2 levels of pointers.

Figure 2. A sparse matrix and a corresponding hypermatrix.

The main potential advantages of a HM structure w.r.t. 1D data structures,
such as the Compact Row Wise structure, are: the ease of use ofmultilevel
blocks to adapt the computation to the underlying memory hierarchy; the oper-
ation on dense matrices; and greater opportunities for exploiting parallelism. A
commercial package known as PERMAS uses the hypermatrix structure (Ast
et al., 1997). It can solve very large systems out-of-core and can work in par-
allel. However, the disadvantages of the hypermatrix structure, namely the
storage and computation on zeros, introduce a large overhead. Recently a vari-
able size blocking was introduced to save storage and to speed the parallel
execution (Ast et al., 2000). In this way the HM was adapted tothe sparse
matrix being factored.
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Previous work

Choosing a block size for data submatrices is rather difficult. When operat-
ing on dense matrices, it is better to use large block sizes. On the other hand,
the larger the block is, the more likely it is to contain zeros. Since computation
with zeros is non productive, performance can be degraded. Thus, a trade-off
between performance on dense matrices and operation on non-zeros must be
reached. In a previous paper (Herrero and Navarro, 2003), weexplained how
we could reduce the block size while we improved performance. This was
achieved by the use of a specialized set of routines which operate on small
matrices of fixed size. By small matrices we mean matrices which fit in the
first level cache. The basic idea used in producing this set ofroutines, which
we call the Small Matrix Library (SML), is that of having dimensions and loop
limits fixed at compilation time. For example, our matrix multiplication rou-
tinesmxmtsfix clearly outperform the vendor’s BLAS routinedgemmnts for
small matrices (figure 3a) on an R10000 processor.

a) b)

Figure 3. a) Performance of differentMxM
t routines for several matrix sizes.b) Fac-

torization of matrix pds40: Mflops obtained by differentMxM
t codes within HM Cholesky.

Effective Mflops are reckoned excluding any operations on zeros.

The matrix multiplication routine used affects the performance of hyperma-
trix Cholesky factorization. This operation takes up most of the factorization
time. We found that usingmxmtsfix a block size of4 × 32 usually produced
the best performance. In order to illustrate this, figure 3b shows results of the
HM Cholesky factorization on an R10000 for matrix pds40 (Carolan et al.,
1990). The use of a fixed dimension matrix multiplication routine speeded up
our Cholesky factorization an average of 12% for our test matrix set (table 1).

Goals

The work presented in this paper focuses on the reduction of the overhead
introduced by operations on zeros kept in data submatrices.In addition to the
techniques mentioned above on block size reduction and the use of specialized
routines, we want to reduce the amount of operations on zeroswithin blocks.
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2. Reducing overhead

Let A andB be two off-diagonal submatrices in the same block-column. At
first glance, these matrices should always be multiplied since they belong to the
same block-column. However, there are cases where it is not necessary. We
are storing data submatrices as dense while the actual contents of the submatrix
do not necessarily have to be dense. Thus, the result of the productA × Bt

can be zero. Such an operation will produce an update into some matrixC

whenever there exists at least one column for which both matricesA andB

have any non-zero element (e.g. columnk3 in figure 1). Otherwise, if there are
no such columns, the result will be zero. Consequently, thatmultiplication can
be skipped. In the following subsections we present severaltechniques which
can reduce the number of non productive operations.

Bit vectors

We want to be able to avoid unnecessary matrix multiplications between
matrices with elements in disjoint columns. What we need to know is whether
a column within a data submatrix has any non-zero elements ornot. We asso-
ciate a set of bits to each data submatrix. We refer to such a set of bits asbit
vector. Each bit in the vector is used to point to the existence of anynon-zero
in the corresponding column. For instance, consider matrixB in figure 4a. Let
us consider column indices start at 1 (Fortran indexing). There are non-zero
elements only in columnsk2 = 3, k3 = 4 andk4 = 7. Thus, only bits 3, 4
and 7 inBVB will be different from 0. A bit-wise AND between bit vectors
corresponding to matricesA andB can be used to decide whether the matrix
multiplication between those matrices is necessary or not.If a single bit of the
bit-wise AND results to be 1 then we need to perform the operation. If all bits
are zero, then we can skip it. This test can be done in a couple of CPU cycles
with an AND operation followed by a comparison to zero. The creation of the
bit vectors can be done initially, when the hypermatrix structure is prepared
using the symbolic factorization information. The overhead for their creation
is negligible.

Dense windows within data submatrices

In order to reduce the storage and computation of zero values, we define
windowsof non-zeros within data submatrices. Figure 5a shows a window of
non-zero elements within a larger block. The window of non-zero elements is
defined by its top-left and bottom right corners. All zeros outside those limits
are not used in the computations. Null elements within the window are still
stored and computed. Storage of columns to the left of the window’s leftmost
column is avoided since all their elements are null. Similarly, we do not store
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Figure 4. a) BVA&BVB 6= 0: operation must be performed.b) BVA&BVB = 0: operation
can be avoided.

columns to the right of the window’s rightmost column. However, we do store
zeros over the window’s upper row and/or underneath its bottom row whenever
these window’s boundaries are different from the data submatrix boundaries,
i.e. whole data submatrix columns are stored from the leftmost to the right-
most columns in a window. We do this to have the same leading dimension
for all data submatrices used in the hypermatrix. Thus, we can use our spe-
cialized SML routines which work on matrices with fixed leading dimensions.
Actually, we extended our SML library with routines which have leading di-
mensions of matrices fixed, while loop limits can be given as parameters. Some
of them have all loop limits fixed, while others have only one,or two of them
fixed. Other routines have all the loop limits given as parameters. The appro-
priate routine is chosen at execution time depending on the windows involved
in the operation. Thus, although zeros can be stored above orunderneath a
window, they are not used for computation. Zeros can still exist within the
window but, in general, the overhead is greatly reduced.

The use of windows of non-zero elements within blocks allowsfor a larger
default block size. When blocks are quite full operations performed on them
can be rather efficient. However, in those cases where only a few non-zero
elements are present in a block, or the intersection of windows results in a
small area, only a subset of the total block is computed (darkareas within
figure 5b).

When the column-wise intersection of windows in matricesA andB is null,
we can avoid the multiplication of these two matrices (figure6a). There are
cases where the window definition we have used is not enough toavoid unnec-
essary operations. Consider figure 6b: there is a column-wise intersection of
windows inA andB. Thus, we would perform a product using the dark area
within the three matrices involved.1
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Figure 5. a) A data submatrix and a window within it.b) Windows can reduce the number of
operations.
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Figure 6. a) Disjoint windows can avoid matrix products.b) Windows can be ineffective to
detect false intersections.

3. Results

We have used several test matrices. All of them are sparse matrices
corresponding to linear programming problems. QAP matrices come from
Netlib (NetLib, ) while others come from a variety of linear multicommodity
network flow generators: A Patient Distribution System (PDS) (Carolan et al.,
1990), with instances taken from (Frangioni, ); RMFGEN (Badics, 1991);
GRIDGEN (Lee and Orlin, 1991); TRIPARTITE (Goldberg et al.,1998). Ta-
ble 1 shows the characteristics of several matrices obtained from such linear
programming problems. Matrices were ordered with METIS (Karypis and Ku-
mar, 1995) and renumbered by an elimination tree postorder.Execution took
place on a 250 Mhz MIPS R10000 Processor. The first level instruction and
data caches have size 32 Kbytes. There is a secondary unified instruction/data
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cache with size 4 Mbytes. This processor’s theoretical peakperformance is
500 Mflops.

Table 1. Matrix characteristics

Matrix Dimension NZs NZs in La Density Flops to factorb

GRIDGEN1 330430 3162757 130586943 0.002 278891
QAP8 912 14864 193228 0.463 63
QAP12 3192 77784 2091706 0.410 2228
QAP15 6330 192405 8755465 0.436 20454

RMFGEN1 28077 151557 6469394 0.016 6323
TRIPART1 4238 80846 1147857 0.127 511
TRIPART2 19781 400229 5917820 0.030 2926
TRIPART3 38881 973881 17806642 0.023 14058
TRIPART4 56869 2407504 76805463 0.047 187168

pds1 1561 12165 37339 0.030 1
pds10 18612 148038 3384640 0.019 2519
pds20 38726 319041 10739539 0.014 13128
pds30 57193 463732 18216426 0.011 26262
pds40 76771 629851 27672127 0.009 43807
pds50 95936 791087 36321636 0.007 61180
pds60 115312 956906 46377926 0.006 81447
pds70 133326 1100254 54795729 0.006 100023
pds80 149558 1216223 64148298 0.005 125002
pds90 164944 1320298 70140993 0.005 138765

aNumber of non-zeros in factor L (matrix ordered using METIS).
bNumber of floating point operations (in Millions) necessaryto obtain L from the original matrix (ordered
with METIS).

The left half of table 2 presents results obtained by a supernodal (SN) block
Cholesky factorization (Ng and Peyton, 1993). It takes as input parameters
the cache size and unroll factor desired. This algorithm performs a 1D parti-
tioning of the matrix. A supernode can be split intopanelsso that each panel
fits in cache. This code has been widely used in several packages such as
LIPSOL (Zhang, 1996), PCx (Czyzyk et al., 1997), IPM (Castro, 2000) or
SparseM (Koenker and Ng, 2003). Although the test matrices we have used
are in most cases very sparse, the number of elements per column is in some
cases large enough so that a few columns fill the first level cache. Thus, a
one-dimensional partition of the input matrix produces poor results. As the
problem size gets larger, performance degrades heavily. Wenoticed that we
could improve its results by specifying cache sizes larger than the actual first
level cache. However, performance degrades in all cases forlarge matrices.

The right half of table 2 shows results obtained by several variants of our
sparse hypermatrix Cholesky code. We have used SML (Herreroand Navarro,
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Table 2. Supernodal vs Hypermatrix Cholesky: Mflops

Supernodal Cholesky (Ng-Peyton) Hypermatrix Cholesky

Upper levels 32 x 512
Block size 8 x 8 4 x 32
Windows No No Yes

Bit Vectors No Yes No Yes No Yes
Cache 32K 512K 1M 2M

Unrolling 4 8 4 8 4 8 4 8

GRIDGEN1 23.8 24.4 — — — — 201.2 199.5
QAP8 186.6 194.2 186.7 194.9 175.1 177.3 139.0 142.5 146.6 151.5 179.6 180.2
QAP12 118.8 102.2 181.0 223.0 215.7 166.3 160.5 176.0 174.7 197.5 246.8 247.3
QAP15 49.0 54.8 152.4 186.0 165.6 149.1 213.1 214.4 222.7 248.4 303.1 300.2

RMFGEN1 55.9 61.9 169.8 189.0 256.2 154.9 221.0 220.8 202.8 210.7 298.4 300.9
TRIPART1 118.7 176.4 175.6 177.1 160.5 164.5 151.2 170.7 151.0 152.8 203.6 207.1
TRIPART2 205.2 182.5 208.4 213.1 216.9 171.8 175.5 202.5 156.8 178.3 232.5 235.3
TRIPART3 116.9 142.7 188.2 151.3 199.0 213.1 181.7 185.3 256.6 261.1
TRIPART4 46.4 119.3 121.1 133.8 118.7 222.8 231.5 222.5 241.4 295.5 295.2

pds1 87.5 89.6 75.7 73.8 19.0 20.2 13.7 14.3 20.2 20.2
pds10 121.5 125.5 183.5 132.2 102.4 106.5 111.6 121.3 193.3 192.3
pds20 106.8 82.7 130.3 104.2 126.1 127.1 139.3 149.9 229.7 227.6
pds30 104.0 78.2 133.5 135.5 142.9 141.5 169.3 178.0 241.7 241.1
pds40 99.9 97.3 126.4 159.8 144.5 144.6 169.8 176.8 247.9 242.1
pds50 84.8 92.0 121.1 121.4 140.2 147.5 181.3 191.4 252.4 252.2
pds60 85.0 66.0 131.8 112.0 152.8 153.4 181.4 188.1 253.9 254.5
pds70 91.4 127.4 111.3 154.6 154.8 186.0 194.4 253.0 252.4
pds80 62.3 132.5 107.2 154.1 164.4 196.6 198.0 260.1 259.5
pds90 108.5 105.1 166.3 169.4 195.2 195.4 267.9 265.7



10

2003) routines to improve our sparse matrix application based on hyperma-
trices. A fixed partitioning of the matrix has been done to be able to test the
impact of each overhead reduction technique used. We present results obtained
with and without bit vectors for two data submatrix sizes:8 × 8 and4 × 32.
For the latter we also introduce the usage of windows.

a) b)

Figure 7. a) HM performance for several input matrices.b) SN vs HM performance.

Figure 7a summarizes these results. The usage of windows clearly improves
the performance of our sparse hypermatrix Cholesky algorithm. We observe
that the usage of bit vectors can improve performance slightly when windows
are not used. When windows are used, however, bit vectors arenot effective
at all. Figure 7b compares the best result obtained with eachalgorithm for
the whole set of test matrices. We have included matrix pds1 to show that
for small matrices the hypermatrix approach is usually veryinefficient. This is
due to the large overhead introduced by blocks which have plenty of zeros. For
large matrices however, blocks are quite dense and the overhead is much lower.
Performance of HM Cholesky is then much better than that of the supernodal
algorithm. This is due to the better usage of the memory hierarchy: locality is
properly exploited with the two dimensional partitioning of the matrix which
is done in a recursive way using the HM structure.

Finally, figure 8 shows performance of each algorithm on several matrix
families. Note that, contrary to the supernodal algorithm behavior, the hyper-
matrix Cholesky factorization improves its performance asthe problem size
gets larger.

4. Conclusions

A two dimensional partitioning of the matrix is necessary for large sparse
matrices. The overhead introduced by storing zeros within dense data blocks
can be reduced by keeping information about a dense subset (window) within
each data submatrix. Although some overhead still remains,the performance
of our sparse hypermatrix Cholesky is up to an order of magnitude better than
that of a supernodal block Cholesky which tries to use the cache memory prop-
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a) b)

c)

Figure 8. SN vs HM Cholesky for 3 matrix families:a) Tripart; b) PDS;c) QAP.

erly by splitting supernodes into panels. Using windows andSML routines our
HM Cholesky often gets over half of the processor’s peak performance for
medium and large size matrices factored in-core.

Notes

1. However, if we look at the elements within those matrices we can see that the productA × Bt will
produce a null update onC. In this case, the usage of bit vectors would be useful and could avoid this
operation.
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