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Abstract

The sparse hypermatrix storage scheme produces a rec2ispartitioning
of a sparse matrix. Data subblocks are stored as dense esat&ince we are
dealing with sparse matrices some zeros can be stored ia thersse blocks.
The overhead introduced by the operations on zeros can leeceafly large
and considerably degrade performance. In this paper, weepteseveral tech-
nigues for reducing the operations on zeros in a sparse mmgtex Cholesky
factorization. By associating a bit to each column withinagadsubmatrix we
create a bit vector. We can avoid computations when the $8tWiND of their
bit vectors is null. By keeping information about the actséce within a data
submatrix which stores non-zeros (dense window) we carnceetioth storage
and computation.
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1. Introduction

Sparse Cholesky factorization is heavily used in severgliGion do-
mains, including finite-element and linear programming hods. It often
takes a large part of the overall computation time incurngdhiose methods.
Consequently, there has been great interest in improwsneitformance (Duff,
1982; Ng and Peyton, 1993; Rothberg, 1996). Methods haveechtrom
column-oriented approaches into panel or block-orienpgai@aches. The for-
mer use level 1 BLAS while the latter have level 3 BLAS as cotapional
kernels (Rothberg, 1996). Operations are thus performeblarks (subma-
trices). A matrix M is divided into submatrices of arbitrary size. We call
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My, be; the data submatrix in block-row; and block-columrbc;. Figure 1
shows 3 submatrices within a matrix. The highest cost witha Cholesky
factorization process comes from the multiplication ofadatibmatrices. In
order to ease the explanation we will refer to the three edrinvolved in a
product asA, B andC. For block-rowsbr; and brs (with brqy < brs), and
block-columnbc; each of these blocks id = My, pc;, B = My, pe; @nd

C = My, pr,- Thus, the operation performed @ = C — A x B*, which
means that submatrices and B are used to produce an update on submatrix
C.

Block size can be chosen either statically (fixed) or dynaityicIn the for-
mer case, the matrix partition does not take into accounstheture of the
sparse matrix. In the latter case, information from ¢fienination tree(Liu,
1990) is used. Columns having similar structure are takesn@®up. These
column groups are callesipernodegLiu et al., 1993). Some supernodes may
be too large to fit in cache and it is advisable to split thero panels(Ng
and Peyton, 1993; Rothberg and Gupta, 1991). In other caspgrnodes
can be too small to yield good performance. This is the casipérnodes
with only one or a few columns. Level 1 BLAS routines are usethis case
and the performance obtained is therefore poor. This pnoldan be light-
ened byamalgamatingseveral supernodes into a single larger one (Ashcraft
and Grimes, 1989). Then, some null elements are both storédised for
computation. However, the use of level 3 BLAS routines oftsults in some
performance improvement.

br

br

Figure 1. Blocks within a matrix: definition and example of use.

In this paper we address the problem of dealing with zerosimvgéubma-
trices. This problem can arise either when a fixed partitigris used or when
supernodes are amalgamated. We present several techmigues/e used to
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reduce the overhead introduced by the fact that data suicesmare stored and
operated on as dense. This is interesting in the contextemerare focused:
the optimization of thedypermatrix(Fuchs et al., 1972) data structure.

Hypermatrix representation of a sparse matrix

Sparse matrices are mostly composed of zeros but often naai dense
blocks which have traditionally been exploited in order noprove perfor-
mance (Duff, 1982). Our application uses a data structusedan a hyper-
matrix (HM) scheme (Fuchs et al., 1972; Noor and Voigt, 197bhe ma-
trix is partitioned recursively into blocks of differenizels. The HM structure
consists ofN levels of submatrices. The tdy-1 levels hold pointer matrices
which point to the next lower level submatrices. Only the (@®ttom) level
holds data matrices. Data matrices are stored as denseesand operated
on as such. Null pointers in pointer matrices indicate thatdorresponding
submatrix does not have any non-zero elements and is tiherefmecessary.
Figure 2 shows a sparse matrix and a simple example of comdsy hyper-
matrix with 2 levels of pointers.

T

Matrix i HyperMatrix

Figure 2. A sparse matrix and a corresponding hypermatrix.

The main potential advantages of a HM structure w.r.t. 1@ datuctures,
such as the Compact Row Wise structure, are: the ease of usaltitvel
blocks to adapt the computation to the underlying memorahidy; the oper-
ation on dense matrices; and greater opportunities fooékm parallelism. A
commercial package known as PERMAS uses the hypermatugtste (Ast
et al., 1997). It can solve very large systems out-of-cokaam work in par-
allel. However, the disadvantages of the hypermatrix sire¢c namely the
storage and computation on zeros, introduce a large owriescently a vari-
able size blocking was introduced to save storage and tadsieeparallel
execution (Ast et al., 2000). In this way the HM was adaptethtosparse
matrix being factored.
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Previous wor k

Choosing a block size for data submatrices is rather diffishen operat-
ing on dense matrices, it is better to use large block sizesth® other hand,
the larger the block is, the more likely it is to contain zerSsi1ce computation
with zeros is non productive, performance can be degradkeds,Ta trade-off
between performance on dense matrices and operation oremos-must be
reached. In a previous paper (Herrero and Navarro, 2003gxpkained how
we could reduce the block size while we improved performantkis was
achieved by the use of a specialized set of routines whichatp®n small
matrices of fixed size. By small matrices we mean matriceshvfit in the
first level cache. The basic idea used in producing this seduifnes, which
we call the Small Matrix Library (SML), is that of having dimgons and loop
limits fixed at compilation time. For example, our matrix tiplication rou-
tinesmxmtsfix clearly outperform the vendor’s BLAS routirdgemmnts for
small matrices (figure 3a) on an R10000 processor.

HM Cholesky: pds40

C=C-A*B'
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Figure 3. &) Performance of differenf/xM* routines for several matrix sizes) Fac-
torization of matrix pds40: Mflops obtained by differebfzM* codes within HM Cholesky.
Effective Mflops are reckoned excluding any operations onze

The matrix multiplication routine used affects the perfarme of hyperma-
trix Cholesky factorization. This operation takes up mdshe factorization
time. We found that usingixmtsfix a block size o#4 x 32 usually produced
the best performance. In order to illustrate this, figure l8s results of the
HM Cholesky factorization on an R10000 for matrix pds40 (Tam et al.,
1990). The use of a fixed dimension matrix multiplicationtho@ speeded up
our Cholesky factorization an average of 12% for our testimaet (table 1).

Goals

The work presented in this paper focuses on the reductioneobterhead
introduced by operations on zeros kept in data submatrioesddition to the
technigues mentioned above on block size reduction andsthefispecialized
routines, we want to reduce the amount of operations on xaths blocks.
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2. Reducing over head

Let A and B be two off-diagonal submatrices in the same block-columin. A
first glance, these matrices should always be multipliecksihey belong to the
same block-column. However, there are cases where it isetsssary. We
are storing data submatrices as dense while the actuahtsiofethe submatrix
do not necessarily have to be dense. Thus, the result of diugrd x Bt
can be zero. Such an operation will produce an update inte soatrix C'
whenever there exists at least one column for which bothicestd and B
have any non-zero element (e.g. colufarin figure 1). Otherwise, if there are
no such columns, the result will be zero. Consequently,rthatiplication can
be skipped. In the following subsections we present setechhiques which
can reduce the number of non productive operations.

Bit vectors

We want to be able to avoid unnecessary matrix multiplicegtibetween
matrices with elements in disjoint columns. What we neecdhtmkis whether
a column within a data submatrix has any non-zero elemenistolVe asso-
ciate a set of bits to each data submatrix. We refer to such @f &s asbit
vector Each bit in the vector is used to point to the existence ofraomyzero
in the corresponding column. For instance, consider matnix figure 4a. Let
us consider column indices start at 1 (Fortran indexing)er&tare non-zero
elements only in columng, = 3, ks = 4 andks = 7. Thus, only bits 3, 4
and 7 inBVg will be different from 0. A bit-wise AND between bit vectors
corresponding to matriced and B can be used to decide whether the matrix
multiplication between those matrices is necessary orlfiatsingle bit of the
bit-wise AND results to be 1 then we need to perform the opmratf all bits
are zero, then we can skip it. This test can be done in a cof@®0 cycles
with an AND operation followed by a comparison to zero. Theation of the
bit vectors can be done initially, when the hypermatrix ctinee is prepared
using the symbolic factorization information. The overthdéar their creation
is negligible.

Dense windows within data submatrices

In order to reduce the storage and computation of zero valweslefine
windowsof non-zeros within data submatrices. Figure 5a shows aomiraf
non-zero elements within a larger block. The window of nemzelements is
defined by its top-left and bottom right corners. All zerosside those limits
are not used in the computations. Null elements within thedeiv are still
stored and computed. Storage of columns to the left of thelovifs leftmost
column is avoided since all their elements are null. Siryijave do not store
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Figure 4. a) BVa&BVg # 0: operation must be performeld) BV4& BVg = 0: operation
can be avoided.

columns to the right of the window’s rightmost column. Howewve do store
zeros over the window’s upper row and/or underneath it®botow whenever
these window’s boundaries are different from the data sttxiaoundaries,
i.e. whole data submatrix columns are stored from the leftnbm the right-
most columns in a window. We do this to have the same leadimgion
for all data submatrices used in the hypermatrix. Thus, weuse our spe-
cialized SML routines which work on matrices with fixed lgaglidimensions.
Actually, we extended our SML library with routines whichviedeading di-
mensions of matrices fixed, while loop limits can be givenasameters. Some
of them have all loop limits fixed, while others have only ooetwo of them
fixed. Other routines have all the loop limits given as paranse The appro-
priate routine is chosen at execution time depending on thdows involved
in the operation. Thus, although zeros can be stored aboued®rneath a
window, they are not used for computation. Zeros can stibtexithin the
window but, in general, the overhead is greatly reduced.

The use of windows of non-zero elements within blocks alléovsa larger
default block size. When blocks are quite full operationdqgrened on them
can be rather efficient. However, in those cases where ongwanbn-zero
elements are present in a block, or the intersection of wisdesults in a
small area, only a subset of the total block is computed (daelas within
figure 5b).

When the column-wise intersection of windows in matridesnd B is null,
we can avoid the multiplication of these two matrices (fig6e@. There are
cases where the window definition we have used is not enougyotd unnec-
essary operations. Consider figure 6b: there is a colume-intersection of
windows in A and B. Thus, we would perform a product using the dark area
within the three matrices involved.
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Figure 5. a) A data submatrix and a window within i) Windows can reduce the number of
operations.

a) b)
Figure 6. &) Disjoint windows can avoid matrix productb) Windows can be ineffective to
detect false intersections.

3. Results

We have used several test matrices. All of them are sparsdacesat
corresponding to linear programming problems. QAP magriceme from
Netlib (NetLib, ) while others come from a variety of lineauficommodity
network flow generators: A Patient Distribution System (PDarolan et al.,
1990), with instances taken from (Frangioni, ); RMFGEN (Bad 1991);
GRIDGEN (Lee and Orlin, 1991); TRIPARTITE (Goldberg et 41998). Ta-
ble 1 shows the characteristics of several matrices olaignoen such linear
programming problems. Matrices were ordered with METISr{& and Ku-
mar, 1995) and renumbered by an elimination tree postoibezcution took
place on a 250 Mhz MIPS R10000 Processor. The first leveluastn and
data caches have size 32 Kbytes. There is a secondary uni$iedation/data
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cache with size 4 Mbytes. This processor’s theoretical geakormance is

500 Mflops.

Table 1. Matrix characteristics

Matrix Dimension NZs NZsinE Density Flops to factdr
GRIDGEN1 330430 3162757 130586943 0.002 278891
QAPS8 912 14864 193228 0.463 63
QAP12 3192 77784 2091706 0.410 2228
QAP15 6330 192405 8755465 0.436 20454
RMFGEN1 28077 151557 6469394 0.016 6323
TRIPART1 4238 80846 1147857 0.127 511
TRIPART2 19781 400229 5917820 0.030 2926
TRIPARTS3 38881 973881 17806642 0.023 14058
TRIPART4 56869 2407504 76805463 0.047 187168
pdsl 1561 12165 37339 0.030 1
pds10 18612 148038 3384640 0.019 2519
pds20 38726 319041 10739539 0.014 13128
pds30 57193 463732 18216426 0.011 26262
pds40 76771 629851 27672127 0.009 43807
pds50 95936 791087 36321636 0.007 61180
pds60 115312 956906 46377926 0.006 81447
pds70 133326 1100254 54795729 0.006 100023
pds80 149558 1216223 64148298 0.005 125002
pds90 164944 1320298 70140993 0.005 138765

@Number of non-zeros in factor L (matrix ordered using METIS)
bNumber of floating point operations (in Millions) necessanpbtain L from the original matrix (ordered

with METIS).

The left half of table 2 presents results obtained by a sugin(SN) block
Cholesky factorization (Ng and Peyton, 1993). It takes asitiparameters
the cache size and unroll factor desired. This algorithnfopers a 1D parti-
tioning of the matrix. A supernode can be split iptanelsso that each panel
fits in cache. This code has been widely used in several pasksgch as
LIPSOL (Zhang, 1996), PCx (Czyzyk et al., 1997), IPM (Cas&000) or
SparseM (Koenker and Ng, 2003). Although the test matriceave used
are in most cases very sparse, the number of elements penrc@duin some
cases large enough so that a few columns fill the first levdheeacThus, a
one-dimensional partition of the input matrix produces rp@sults. As the
problem size gets larger, performance degrades heavilyndeed that we
could improve its results by specifying cache sizes larjantthe actual first
level cache. However, performance degrades in all caséarfgr matrices.

The right half of table 2 shows results obtained by severaamgs of our
sparse hypermatrix Cholesky code. We have used SML (HeareddNavarro,



Table 2. Supernodal vs Hypermatrix Cholesky: Mflops

Supernodal Cholesky (Ng-Peyton)

Hypermatrix Cholesky

Upper levels 32x512
Block size 8x8 4 x32
Windows No No Yes
Bit Vectors No Yes No Yes No Yes
Cache 32K 512K 1M 2M
Unrolling 4 8 4 8 4 8 8
GRIDGEN1 23.8 24.4 — — — — 201.2 1995
QAP8 186.6 194.2| 186.7 194.9 175.1 177.3 || 139.0 142.5| 146.6 151.5| 179.6 180.2
QAP12 118.8 102.2| 181.0 223.0 215.7 166.3 || 160.5 176.0| 174.7 197.5| 246.8 247.3
QAP15 49.0 548 | 152.4 186.0 165.6 149.1 || 213.1 214.4| 222.7 248.4| 303.1 300.2
RMFGEN1 | 55.9 61.9 | 169.8 189.0 256.2 154.9 || 221.0 220.8| 202.8 210.7| 298.4 300.9
TRIPART1 | 118.7 176.4| 1756 177.1 160.5 1645 151.2 170.7| 151.0 152.8| 203.6 207.1
TRIPART2 | 205.2 182.5| 208.4 213.1 216.9 171.8 || 175.5 202.5| 156.8 178.3| 232.5 235.3
TRIPART3 116.9 142.7 188.2 151.3 || 199.0 213.1| 181.7 185.3| 256.6 261.1
TRIPART4 46.4 119.3| 121.1 133.8 118.7 || 222.8 231.5| 222.5 241.4| 295.5 295.2
pdsl 87.5 89.6 75.7 73.8 19.0 20.2 | 13.7 14.3 | 20.2 20.2
pds10 1215 1255 183.5 132.2 102.4 106.5| 111.6 121.3] 193.3 192.3
pds20 106.8 82.7 130.3 104.2 126.1 127.1| 139.3 149.9| 229.7 227.6
pds30 104.0 78.2 1335 135.5 142.9 141.5| 169.3 178.0| 241.7 241.1
pds40 99.9 97.3 126.4 159.8 1445 144.6| 169.8 176.8| 247.9 242.1
pds50 84.8 92.0 121.1 121.4 140.2 147.5| 181.3 191.4| 252.4 252.2
pds60 85.0 66.0 131.8 112.0 152.8 153.4| 181.4 188.1| 253.9 2545
pds70 91.4 127.4 111.3 154.6 154.8| 186.0 194.4| 253.0 252.4
pds80 62.3 1325 107.2 154.1 164.4| 196.6 198.0| 260.1 259.5
pds90 108.5 105.1 166.3 169.4| 195.2 195.4| 267.9 265.7
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2003) routines to improve our sparse matrix applicatiorebasn hyperma-
trices. A fixed partitioning of the matrix has been done to ble & test the
impact of each overhead reduction technique used. We pneseiits obtained
with and without bit vectors for two data submatrix siz8sx 8 and4 x 32.
For the latter we also introduce the usage of windows.

HM performance SN vs HM

2 DHM_8x8
S 200 mHM 8x8+BV
DHM 4x32

150 OHM_4x32+BV
WHM_4x32+win

B HM_4x32+win+BV

Effective Mflops

@SN
150

S PSP S S P S

S PP
a) b)
Figure 7. a) HM performance for several input matricds. SN vs HM performance.

Figure 7a summarizes these results. The usage of windoeudyclemproves
the performance of our sparse hypermatrix Cholesky algoritWe observe
that the usage of bit vectors can improve performance $ligitten windows
are not used. When windows are used, however, bit vectorsatreffective
at all. Figure 7b compares the best result obtained with edégbrithm for
the whole set of test matrices. We have included matrix pdsshow that
for small matrices the hypermatrix approach is usually weefficient. This is
due to the large overhead introduced by blocks which haveyts zeros. For
large matrices however, blocks are quite dense and theeagiik much lower.
Performance of HM Cholesky is then much better than thatektipernodal
algorithm. This is due to the better usage of the memory tobya locality is
properly exploited with the two dimensional partitioninftbe matrix which
is done in a recursive way using the HM structure.

Finally, figure 8 shows performance of each algorithm on isgv@atrix
families. Note that, contrary to the supernodal algorithehdvior, the hyper-
matrix Cholesky factorization improves its performancettas problem size
gets larger.

4. Conclusions

A two dimensional partitioning of the matrix is necessary lerge sparse
matrices. The overhead introduced by storing zeros witbimsd data blocks
can be reduced by keeping information about a dense subsetofm) within
each data submatrix. Although some overhead still reméuesperformance
of our sparse hypermatrix Cholesky is up to an order of magdeibetter than
that of a supernodal block Cholesky which tries to use thbeatemory prop-
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Figure 8. SN vs HM Cholesky for 3 matrix familiesa) Tripart; b) PDS;c) QAP.

erly by splitting supernodes into panels. Using windows &Rt routines our
HM Cholesky often gets over half of the processor’'s peakgoerédnce for
medium and large size matrices factored in-core.

Notes

1. However, if we look at the elements within those matricescan see that the produdtx B? will
produce a null update o@'. In this case, the usage of bit vectors would be useful anttlcaoid this
operation.

References

Ashcraft, C. and Grimes, R. G. (1989). The influence of relasepernode partitions on the
multifrontal method ACM Trans. Math. Softward 5:291-309.

Ast, M., Barrado, C., Cela, J.M., Fischer, R., Laborda, Oanlg] H., and Schulz, U. (2000).
Sparse matrix structure for dynamic parallelisation efficy. InEuro-Par 2000,LNCS1900
pages 519-526.

Ast, M., Fischer, R., Manz, H., and Schulz, U. (1997). PERMASer’s reference manual,
INTES publication no. 450, rev.d.

Badics, Tamas (1991). RMFGEN generator. Code available m fro
ftp://dimacs.rutgers.edu/pub/netflow/generators/ndtigenrmf.



12

Carolan, W.J., Hill, J.E., Kennington, J.L., Niemi, S., aechmann, S.J. (1990). An empirical
evaluation of the KORBX algorithms for military airlift afipations. Oper. Res.38:240—
248.

Castro, Jordi (2000). A specialized interior-point alggum for multicommodity network flows.
SIAM Journal on OptimizatigriL0(3):852-877.

Czyzyk, J., Mehrotra, S., Wagner, M., and Wright, S. J. (39PTx User’s Guide (Version 1.1).
Technical Report OTC 96/01, Evanston, IL 60208-3119, USA.

Duff, lain S. (1982). Full matrix techniques in sparse Garsslimination. InNumerical anal-
ysis (Dundee, 1981yolume 912 olecture Notes in Mathpages 71-84. Springer, Berlin.

Frangioni, A. Multicommodity Min Cost Flow problems. Datavadable from
http://www.di.unipi.it/di/groups/optimize/Data/.

Fuchs, G.\Von, Roy, J.R., and Schrem, E. (1972). Hypermsafixtion of large sets of symmetric
positive-definite linear equation€omp. Meth. Appl. Mech. End.:197-216.

Goldberg, A., Oldham, J., Plotkin, S., and Stein, C. (1988)implementation of a combinato-
rial approximation algorithm for minimum-cost multicomdity flow. In IPCO.

Herrero, Jog R. and Navarro, Juan J. (2003). Improving Performance pekiyiatrix Cholesky
Factorization. IrEuro-Par 2003,LNCS279(@ages 461-469. Springer-Verlag.

Karypis, George and Kumar, Vipin (1995). A fast and high @uahultilevel scheme for par-
titioning irregular graphs. Technical Report TR95-035pBxtment of Computer Science,
University of Minnesota.

Koenker, Roger and Ng, Pin (2003). SparseM: A Sparse Matik&ge for R. http://cran.r-
project.org/src/contrib/PACKAGES. html#SparseM.

Lee, Y. and Orlin, J. (1991). GRIDGEN generator. Code ab#gla from
ftp://dimacs.rutgers.edu/pub/netflow/generators/ngtigridgen.

Liu, J. H. W. (1990). The role of elimination trees in sparaetdrization.SIAM Journal on
Matrix Analysis and Applicationd1(1):134-172.

Liu, J. W., Ng, E. G., and Peyton, B. W. (1993). On finding supeles for sparse matrix com-
putations SIAM J. Matrix Anal. Appl.14(1):242—-252.

NetLib. Linear programming problems. http://www.nettitg/Ip/.

Ng, Esmond G. and Peyton, Barry W. (1993). Block sparse Ghyplalgorithms on advanced
uniprocessor computerSIAM J. Sci. Comput14(5):1034-1056.

Noor, A. and Voigt, S. (1975). Hypermatrix scheme for the 8FA00 computercas 5:287—
296.

Rothberg, Edward (1996). Performance of panel and blockoagpes to sparse cholesky factor-
ization on the ipsc/860 and paragon multicomput8tdM J. Sci. Comput17(3):699-713.

Rothberg, Edward and Gupta, Anoop (1991). Efficient sparagixfactorization on high-
performance workstations: Exploiting the memory hiergrchCM Trans. Math. Soft.
17(3):313-334.

Zhang, Y. (1996). Solving large—scale linear programs hgriar—point methods under the
MATLAB environment. Technical Report 96-01, Baltimore, M228-5398, USA.





