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Motivation& GeneralGoals

Motivation
I Matrix computationslie at theheartof many applications.

GeneralGoal:
I Obtainef®cient implementationsof frequentmatrix

operations.
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Speci®cGoals

Identify thekey pointsfor obtaininghighperformance.

Obtainef®cient implementations. . . . . .
I of somefrequentoperations:

I SparseCholesky factorization.
I DenseCholesky factorization.
I DenseMatrix Multiplication.
I NearestNeighbor(NN) Classi®cation.

I Ondifferentplaforms.

Note:
I Focuson sequential code.
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Overview of themainpartsof thiswork.

SML

Dense

Sparse

BMT
ACME
maker
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Overview

In searchfor high performance:
I Ef®ciency of innerkernelis of paramountimportance.

Usualapproach:
I Ad-hoccodeswritten in assembler.

Ourapproach:
I Compiler-optimizedinnerkernelfor operationonsmall

matrices
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Compiler-optimizedinnerkernels

Facts:
I Needfor high performanceinnerkernels
I High costin creationof suchkernelsby hand
I CompilerOptimizationis amature®eld

Approach:
I Smooththeway to thecompiler

I Colectionof codeswritten in high level language
I Fix asmany parametersaspossibleat compilationtime
I Usecompilerto generateoptimizedobjectcode
I Insertbestcodein library: SmallMatrix Library (SML)

UseSML routinesfor generalcodes.
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SML: Idea

I Write severalvariantsof code
I Looporder
I Loopunrolling factors

I Usethebestcompileravailable
I Try severalcompileroptimization�ags
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Performanceof C = C� A� BT
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SML: Poly-AlgorithmicApproach

Codeof
Algorithm form

1 jik_Creg
2 jik
3 kji_Breg
4 i(jk4�̃_BCreg)
5 i(jk4�̃_Breg)
6 i(jk4�̃)
7 ijk
8 kji
9 jki
10 jik4k̃_Creg
11 jik8k̃_Creg

Matrix Alpha
sizes 21164 R10000

4_4_4 2 8
4_4_8 3 5
4_4_16 3 3
4_4_32 3 3
8_8_8 10 6
8_8_16 11 8
8_8_32 11 5
16_16_16 11 2
16_16_32 11 5
32_32_32 11 6
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SML: Largesearchspace

I Many combinations
I Leadingdimensions
I Loop limits
I Looporders
I Loopunrolling factors
I Compiler�ags
I Targetmachines

I Weneedto automatethetests
I Useabenchmarkingtool
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SML: BenchmarkingTool
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Innerkernelfor operationsondensematrices
C = C� A� BT kernel
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Generalization

C = C+ a op(A) � op(B)
I a in f� 1;1g
I op(A) is A or AT.

Table:PeakM�ops of innerkernelona Pentium4 XeonNorthwood.

A� BT AT � B
No align 3334 3220

Align 3457 3810
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SML: currentinterface
I mtxms_124_124_124_124_124_124_(A,B,C)

I mtxms_96_96_96_96_96_96_(A,B,C)

I . . .

I mxmts_4_4_4_4_4_32_(A,B,C)

I mxmts_4_4_4_4_4_4_(A,B,C)

I mxmts_92_92_92_92_92_92_(A,B,C)

I . . .

I mxmts_ijkw_4_4_4_(A,B,C,i,j,k)

I mxmts_ijkw_92_92_92_(A,B,C,i,j,k)

I mxmts_ijw_4_4_4_32_(A,B,C,i,j)

I mxmts_ijw_4_4_4_4_(A,B,C,i,j)

I mxmts_ijw_92_92_92_92_(A,B,C,i,j)

I mxmts_kw_4_4_4_4_4_(A,B,C,k)

I mxmts_kw_92_92_92_92_92_(A,B,C,k)

I . . .

C

B

A
I

J
K
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Creationof ef®cient innerkernels:Conclusions

Compilerscanperformef®cientoptimizationson regular
codes.Wecanfacilitatethis by:

I Providing matrix leadingdimensionsandloop trip counts
atcompilationtime;

I Trying severalvariantsof code:differentlooporders,
unroll factors.. .

Theresultingcodecanbemoreef®cient if:
I Matricesarealigned;
I All matricesareaccessedwith strideone;
I Storeoperationsareremovedfrom theinnerkernel.

C = C+ a AT � B is appealing:
I accessto all threematriceswith strideone;
I storesto matrixC canbehoistedfrom theinnerloop
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Hypermatrix(HM) Structure
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Hypermatrix(HM) Structure

Canstore0's within data
submatrices

I Storage
I Computation

Trade-off in datasubma-
trix size

I BLAS3 ef®ciency
I (Useless)operation

on 0's
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ReducingOverhead& IncreasingPerformance

I Ef®cientkernelswhichoperateon smalldatasubmatrices
I Bit Vectorsassociatedto datasubmatrices
I Windows within datasubmatrices
I Amalgamation
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HypermatrixCholesky on problemPDS40
LP problem:PatientDistributionSystem(40days)

EffectiveM�ops =
#�ops(excludingoperationson zeros) � 10� 6

Time(includingoperationson zeros)
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ReducingOverhead& IncreasingPerformance

Operationon smalldatasubmatrices. . .
still hasoverhead

Goal: reducetheoverheadfurther
I Bit Vectorsassociatedto datasubmatrices
I Windows within datasubmatrices
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Bit Vectors:Goal

Reduceunnecessarycomputation
I Avoid matrixmultiplicationwhentwo submatrices

produceno updateupona third one
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Bit Vectors:De®nition

0 1 000 1 10 BV M

x

x

x

M

x

Onebit associatedto acolumnin adatasubmatrix
I Value= 0 , columnis full of 0's
I Value= 1 , 9 � 1 NZ in column
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Bit Vectors:Usage(I)
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Bit Vectors:Usage(II)
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Windowswithin datasubmatrices:Goal

Storeanduseonly apartof adatasubmatrix
I Reduceunnecessarycomputation
I Reducestorage
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Windows: De®nition
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Windows: Usage(I)
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Results:Context information

I MIPSR10000@ 250MHz (500M¯opspeak)
I Sequentialcode
I LargeproblemssolvedIn-Core
I OrderedusingMETIS
I Post-orderof EliminationTree
I LinearProgrammingproblems Details

I NetLib
I MulticommodityNetwork Flow generators

I Applicationsof FiniteElementMethod Details

I NetLib
I PERMAS
I PARASOL
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OursparseHM Cholesky uses4 routines:
SML Interface

Lessef®cient Mostef®cient
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I Intra-Blockamalgamation
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IPM & FEM

IPM matrices FEM matrices
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SparseHM Cholesky vsWSSMP

I HM Cholesky portedto anotherplatform: Itanium2
I METIS optionsfor IPM matrices:

I 1, 3, 1, 1, 0, 3, 60,and5

I Resultsincludeuseof HM orientedSNamalgamation
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Conclusionsandfuturework

I Themosteffective overheadreductiontechniqueshave
been:

I Useof SML routinesworking on rectangles
I Useof densewindowswithin datasubmatrices
I Useof Intra-BlockAmalgamation

I Futurework
I Work onU insteadof L
I Storedatasubmatricesassupernodes
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A bottom-upapproach

In searchfor high performance:
I Ef®ciency of innerkernelis of paramountimportance.

Differentoptimalblocksizesfor differentprocessors
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First
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Then
I Createstructurebasedon bestblocksize
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OrthogonalBlocks

Constructedsothatthedirectionsof theblocksof adjacent
levelsaredifferent.
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SimpleSquareBlock (SB) storage:
matricesalignedandstoredby submatrices.

��

blkszy

dimx

dimy

m

mtofree
blkszx
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Densecodes:Conclusions

I Ef®ciency of innerkernelis of paramountimportance.

I Differentoptimalblocksizesfor differentprocessors

I Fundamentalaspectsto achievehighperformance:
I dataaccessedwith strideone;
I dataproperlyaligned;
I storeoperationsremovedfrom theinnermostloop.

I Iterative+SBoutperformsRecursive+HM

I Iterative+SB+SMLprovidescompetitive andstable
performance
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Applicationto other®elds:
NearestNeighborClassi®cation

Applicationsin other®eldscanbene®tfrom theuseof
techniqueswidely usedin linearalgebracodes:

I use¯oating-pointoperationsinsteadof integerarithmetic;
I applytiling;
I loopunrolling;
I softwarepipelining.

Conclusions:
I A simplecodecansometimesoutperformcomplex codes

whichcanbemoredif®cult to implementef®ciently.
I It canpayoff to do moreoperations,aslongasthey are

performedfaster.
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POSTDATE
PerformanceOrientedSofTwareDevelopmentAnd TuningEnvironment

I maker: A front-endto make to easethebuild process.
I Handlecompilationondifferentplatforms.
I Avoid problemsin a NetworkedFile System

I ACME: A framework to ensureaccuratemeasurements.
I Avoid problemsdueto lackof precisionof timers.

I BMT: A benchmarkingtool.
A framework to handlethetuningprocessautomatically.

I Handlecompiletimeandrun timeparameters
automatically.

I ManageDB
I Createlibrary from optimumcombinationof parameters.
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Conclusions

I Currentcompilerscangenerateveryef®cientcodeswhen
workingonsimpleandregularcodes.

I Thereis a trade-off betweenthespeedof analgorithm
and:

I computationof nonproductiveoperations.
I moreregularcodes

I Fundamentalaspectsto achieve highperformance:
I dataaccessedwith strideone;
I dataproperlyaligned;
I storeoperationsremovedfrom theinnermostloop.
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Contributions

I Generationof ef®cientcompiler-optimizedinnerkernels
for different:

I Matrix sizes
I Platforms

I Highly competitive codesfor someimportantalgorithms
workingonmatrices:

I sparseCholesky factorizationusinga hypermatrixdata
structure.

I denseCholesky factorizationandmatrixmultiplication
usinga squareblock datalayout.

I NearestNeighborclassi®cation.

I Environmentfor creationof high performancecodes: aids
in theprocessof building thecode,obtainingaccurate
measurements,andbenchmarkingdifferentvariantsof
code.
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FutureWork

I Improve creationof SML routinesusingmorerealistic
accesspatterns;

I ImplementHM Cholesky onmatrixU to increasenumber
of accesseswith strideone;

I Allow for storageof datasubmatricesassupernodes;

I Experimentwith anIncompleteCholesky factorization;

I . . .
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IPM: Matrix Characteristics

Matrix Dimension NZs NZs in La Density Flopsto factorb

GRIDGEN1 330430 3162757 130586943 0.002 278891
QAP8 912 14864 193228 0.463 63
QAP12 3192 77784 2091706 0.410 2228
QAP15 6330 192405 8755465 0.436 20454

RMFGEN1 28077 151557 6469394 0.016 6323
TRIPART1 4238 80846 1147857 0.127 511
TRIPART2 19781 400229 5917820 0.030 2926
TRIPART3 38881 973881 17806642 0.023 14058
TRIPART4 56869 2407504 76805463 0.047 187168

pds1 1561 12165 37339 0.030 1
pds10 18612 148038 3384640 0.019 2519
pds20 38726 319041 10739539 0.014 13128
pds30 57193 463732 18216426 0.011 26262
pds40 76771 629851 27672127 0.009 43807
pds50 95936 791087 36321636 0.007 61180
pds60 115312 956906 46377926 0.006 81447
pds70 133326 1100254 54795729 0.006 100023
pds80 149558 1216223 64148298 0.005 125002
pds90 164944 1320298 70140993 0.005 138765

I aNumberof non-zerosin factorL (matrixorderedusingMETIS).

I bNumberof ¯oatingpointoperations(in Millions) necessaryto obtainL from theoriginal matrix (ordered
with METIS).
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FEM: Matrix Characteristics

Matrix Dimension NZs NZs in La Density Flopsto factorb

bear 25906 412447 3278225 0.009 847
rail 11783 799545 3768886 0.054 1594

methan 48162 1234332 16631801 0.014 10493
nasasrb 54870 1366097 10489476 0.007 3496

cfd1 70656 949510 20910296 0.008 13523
cfd2 123440 1605669 37696869 0.005 31218

inline_1 503712 18660027 174608135 0.001 150974

aNumberof non-zerosin factorL (matrix orderedusingMETIS).
bNumberof ¯oatingpointoperations(in Millions) necessaryto obtainL from
theoriginalmatrix (orderedwith METIS).
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Calls,¯ops& timeperA� B T subroutinetype
QAP8andQAP12

IPM matrices
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