A Framevork for
Ef cient Execution
of Matrix
Computations

J.R.Herrero

A Framevork for Ef®cient Executionof
Matrix Computations

JoséRamonHerrero

Departamend'Architecturade Computadors
UniversitatPolitecnicade Cataluya

Advisor: Prof. JuanJ. Navarro

DoctoralDissertation
July 7th, 2006



Outline

Introduction

Compileroptimizedinnerkernels
SparseHypermatrixCholesly Factorization

Operationon densematrices:Nonlineararraylayouts
Applicationto other®elds: NearestNeighborClassi®cation
POSTDATE: Performanc®rientedSofT. Dev. And Tuning Env.

Conclusionsandfuturework

A Framevork for
Ef cient Execution
of Matrix
Computations

J.R.Herrero



Outline

Introduction

Compileroptimizedinnerkernels
SparseHypermatrixCholesly Factorization

Operationon densematrices:Nonlineararraylayouts
Applicationto other®elds: NearestNeighborClassi®cation

POSTDATE: Performanc®rientedSofT. Dev. And Tuning Env.

Conclusionsndfuturework

«40>» «F>r «E» <

it
i
w
S
o
?



Motivation& GeneralGoals Etciont Bxacuton
of Matrix
Computations

J.R.Herrero

Introduction

Motivation
I Matrix computationdie atthe heartof mary applications.

GeneralGoal:

I Obtainef®cientimplementation®f frequentmatrix
operations.



Speci®cGoals

Identify thekey pointsfor obtaininghigh performance.

Obtainef®cientimplementations. .. ..
I of somefrequentoperations:

SparseCholesly factorization.
DenseCholesly factorization.
DenseMatrix Multiplication.
NearesNeighbor(NN) Classi®cation.

|
|
|
|
I Ondifferentplaforms.

Note:
I Focusonsequential  code.
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In searchor high performance:

Compileroptimized
innerkernels

I Ef®cieng of innerkernelis of paramountmportance.

Usualapproach:
I Ad-hoccodeswrittenin assembler

Ourapproach:

I Compileroptimizedinnerkernelfor operationon small
matrices



Compileroptimizedinnerkernels Ef ciont Bxacuton
of Matrix
Computations

J.R.Herrero
Facts:
I Needfor high performancennerkernels I o P
I High costin creationof suchkernelsby hand
I CompilerOptimizationis a mature®eld

Approach:
I Smooththeway to the compiler

Colectionof codeswrittenin highlevel language

Fix asmary parameteraspossibleat compilationtime
Usecompilerto generateptimizedobjectcode
Insertbestcodein library: SmallMatrix Library (SML)

UseSML routinesfor generakodes.
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SML: Idea
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Write severalvariantsof code

I Looporder
I Loopunrolling factors

Usethebestcompileravailable
I Try severalcompileroptimization ags
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SML: Idea
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Fix parameters at compilation time

- Leading dimensions

- Loop limits

Example: C=C+A*BT

Creationof a SmallMatrix
Library (SML)

subroutine mxmt(A,B,C,
lda,ldb,ldc, ui, uj, uk)

integer A(lda,*), ...
do I=1, ui

>

subroutine mxmt_fix(A,B,C)

integer A(8,*)
doI=1,8

12
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SML: Poly-Algorithmic Approach

15

Codeof
Algorithm

form

jik_Creg

jik

kji_Breg

i(jk4™_BCrep)

i(jk4™_Breg)

i(jk4)

ik

Kji

iki

jikak_Creg

Matrix Alpha

sizes 21164 | R10000
4 4 4 2 8
4 48 3 5
4 4 16 3 3
4 4 32 3 3
8_8_8 10 6
8_8_16 11 8
8.8_32 11 5
16_16_16 11 2
16_16_32 11 5
32_32_32 11 6

e =
25| o|o|~|o| o & w |-

jik8k_Creg
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SML: Largesearclspace

16

Many combinations

We needto automatehetests

Leadingdimensions
Loop limits
Looporders
Loopunrolling factors
Compiler ags
Targetmachines

Useabenchmarkingool
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SML: Benchmarkingrool Etciont Eveoution

of Matrix
Computations
J.R.Herrero
- foreach parameter
Combination Eﬁ::i;)g;ﬂajmanmamx
- compile
execute Data Base

- store results (Mflops)

- select best combination mxmt8x8: kji,u,- 03,- swp=on

- add object to library

17



Innerkernelfor operationsn densematrices

cC=C A
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BT kernel

1462

1200 -

Mflops

400

800

Alpha 21264A (ev67) @ 731 MHz

5200

5000

4000

3000

TONCOFRNGIILINGIIINE

Itanium2 @ 1,3 GHz

Mflops

2000

1000
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Generalization €1 cent Evecuton

of Matrix

Computations
J.R.Herrero
C=C+ aop(A) op(B)
I ainf 1,19
. T Creationof a SmallMatrix
I op(A)isAorA’. Lbrary (S

Table:PeakM ops of innerkernelon a Pentium4 XeonNorthwood.

A BT AT B
No align 3334 3220
Align 3457 3810

19



SML: currentinterface e

| mitxms_124 124 124124 124 124 (A,B,C) Camputatons
| mtxms_96_96_96_9&6 96 (AB,C) e
|

I mxmts_ 4 4 4 4 4 B3(A,B,C) Creationnt aSmaliMats

——————— Library (SML)

| mxmts_92_92_92_ 922 92 (AB,C)

I mxmts_ijkw_4 4 4 (A,B,C,i,j,k) IL B§K
| mxmts_ijkw_92 92 92(A,B,C,ijk) 2 \
I mxmts_ijw_4 4 4 32 (/B,C,i)) | c

I mxmts_ijw_92_92 92 3@ (A,B,C,i,))
I mxmts_ kw 4 4 4 4 4A,B,Ck)

oo mxmts kw 92 92 9202 92 (A B C k)



Creationof ef®cientinnerkernels:Conclusions = g&&ameorkior

of Matrix
Computations

Compilerscanperformef®cientoptimizationson regular IR Herrero
codes.We canfacilitatethis by:

I Providing matrix leadingdimensionsandloop trip counts
atcompilationtime; CreationataSmallatrx
I Trying severalvariantsof code:differentloop orders,
unroll factors..
Theresultingcodecanbe moreef®cientif:
I Matricesarealigned,;
I All matricesareaccessedgith strideone;
| Storeoperationsareremovedfrom theinnerkernel.
C=C+ aA" Bisappealing:
I accesdgo all threematriceswith strideone;
I storesto matrix C canbe hoistedfrom theinnerloop

21
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Hypermatrix(HM) Structure

Matrix

29

HyperMatrix
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Hypermatrix(HM) Structure Et cont Bxeauion
of Matrix
Computations

J.R.Herrero

SparseHypermatrix
Cholesly

TIT:

Matrix i HyperMatrix

Canstore0's within data Trade-of in datasubma-

submatrices trix size |
| Storage ! BLASBef®C|en9/
| Computation I (Uselesspperation

on0's

29



ReducingOverhead& Increasing?erformance
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Ef®cientkernelswhich operateon smalldatasubmatrices
Bit Vectorsassociatedio datasubmatrices

Windows within datasubmatrices

Amalgamation
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HypermatrixCholesk on problemPDS40 Etciont Eveoution
LP problem:PatientDistribution System(40 days) Cgr;“:j‘tt;zons

J.R.Herrero

# ops(excludingopefationson zeos) 10 ©
Time (includingopemtionson zens)

EffectiveM ops =

Matrix pds40
SML routines
» 250
o
© 200 ~
ﬁ 150 Edgen:m_nts
mxmts_g
> B —
5 100 B mxmts_fix
£ 501
w g
X D,0 6% 220020
F RN O N7 DY NS 7 0
X BT Dlos RORGRE
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ReducingOverhead& IncreasingPerformance & oo
of Matrix
Computations

J.R.Herrero

Operationon smalldatasubmatrices. .
still hasoverhead

SML routines

Goal: reducethe overheadurther
I Bit Vectorsassociatedio datasubmatrices
I Windows within datasubmatrices

27
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Bit Vectors:Goal

Reduceaunnecessargomputation

I Avoid matrix multiplicationwhentwo submatrices
produceno updateuponathird one

20
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Bit Vectors:De®nition Etciont Eveoution
of Matrix
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Bit Vectors

loo 100110|BVM

Onebit associatedo a columnin adatasubmatrix
I Value=0, columnisfull of0's
I Value=1, 9 1NZincolumn

20



Bit Vectors:Usage(l) Et cont Bxeauion

of Matrix
Computations
B kyk,k; k, J.R.Herrero
T T T i
S 1
I X 1
1 1
i, : X : X
o I
i D Tl X
1

I SML routine:

0011001 0BV | Bltve‘ctgljs

--- Densdwinda

malgamatior

Resul

00010000|BV,& BV,

BVa&BVg 6 0: Operationmustbe performed

21



Bit Vectors:Usage(ll) Et cont Bxeauion
of Matrix
Computations

B kyk, ks k, kg J.R.Herrero

SML routines
00100110|BV B m;m;r;
A (o ——

00000000]BV, & BV,

BVa&BVg = 0: Operationcanbeskipped
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Windows within datasubmatricesGoal Efcent Becution
of Matrix
Computations

J.R.Herrero

Storeanduseonly a partof a datasubmatrix
I Reduceunnecessargomputation Denseindos
I Reducestorage

22U



H . R A Framevork for
WlndQNS De®n|t|0n Ef cient Execution
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& &
0&06‘ 0\06‘
Data Submatrix & &
S )
4 4
toprow — [ = X P window
X

bottomrow  —+= | X

Window: subsebf datasubmatrix
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Windows: Usage(l)

26

l-———

1
|

Operationcanbereduced

A Framevork for
Ef cient Execution
of Matrix
Computations

J.R.Herrero

SML routines
Bit Vectors

DenseWindows
Amalgamation

Results



Windows: Usage(ll)

7

K, Kok, kg
X
X X
Cr
X
X X
X
Operationcanbe skipped

A Framevork for
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J.R.Herrero

SML routine:
Bit Vecitc
DenseWindows
malgamatior

Resul



Windows: Usage(lll)

k,k, ksk, kg

A Framevork for
Ef cient Execution

of Matrix
Computations
J.R.Herrero
X.
h Densewindows

|

!

i
Xi

X

UnnecessargperatiorperformedCouldbe avoidedwith BVS)
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Results:Contect information

20

MIPS R10000@ 250MHz (500M opspeak)
Sequentiatode

Large problemssolved In-Core
OrderedusingMETIS

Post-ordeof Elimination Tree

LinearProgrammingproblems

I NetLib

I Multicommodity Network Flow generators
Applicationsof Finite ElementMethod

I NetLib
I PERMAS
I PARASOL
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PerformanceBlock Sizevs BVs vs Windows

40

Effective Mflops

300 ~

250 A

200 -

150 4

100 -

50 -

HM performance

O HM_8x8

B HM_8x8+BV
OHM_4x32
OHM_4x32+BV

B HM_4x32+win

O HM_4x32+win+BV
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A Framevork for

Increasen numberof oatingpointoperationsn &t seaon

H of Matrix
sparseHM Cholesly w.r.t. theminimum: Computations
windows reducethe numberof operationsn prneee
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HM vs SN (Ng-Peg/ton): QAP matrix family Etciont Eveoution

of Matrix
Computations
Effective J.R.Herrero
M ops
300 -
250 -
SML routine:
200 ~ —x—HM_4x32+win N
DenseWindows
—o—8N_cache2M_unr8 —
150 —a—SN_cache1M_unr8 e
—a—SN_cache512K_unr8
—e—SN_cache32K_unr8
100 --+-- SN_cache32K_unr4
50 -
0
3] Q@ )
Q N N
o K K3
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HM vs SN:

43

Effective Mflops

n

a

o
L

200 -

150 -

100 +

TRIPART matrix family

a
o
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HM vs SN: PDSmatrix family Ef ot Brecution
f Matri
Cgmpliarllt)i(ons
Effective J.R.Herrero
M ops
300 4
250 4
200 4
DenseWindows
150 +

100 -

50 -
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A Framevork for
HM vs SN performancesummary Ef cient Execution
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J.R.Herrero
SN vs HM
300
250 4 SML routines
Bit Vectors

1] Densewindows
g 2001 e
"E' Results
°
£ 100
w

50 -

0 l
D RO DR QSO SAOHS
FFFRFAFELE TEFFFETESESE &
© YNNI
& XL L

45



Matrix multiplication: ef®cieng of codes Ef ot Brecution
of Matrix
Computations

J.R.Herrero

OursparseHM Cholesly uses4 routines:

DenseWindows

RS

N n

Lessef®cient Most ef®cient
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100% A A
80% |
SML routines
60%
Bit Vectors
DenseWindows

40% -

Amalgamation
Results

OWIN_2D %

OWIN_1DR

BWIN_1DC —__

EFULL \

20% -

0% =

QAP8
QAP15
pdst1
pds10
pds20
pds30
pds40
pds50
pds60
pds70
pds80
pds90

% flops performed by each mxmt routine
T

QAP12 I [ |

T
RMFGEN 1 | ||
—
TRIPARTZ | | |

T
|

T

T ]
|
1|

T
|
|
|
|

GRIDGEN1
TRIPART1
TRIPART3
TRIPART4
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Supernodémalgamation Et cont Bxeauion

of Matrix
Computations

De®nition (Amalgamation) IR Herrero

Themixing or blendingof differentelementsracessocieties,
etc.;also,theresultof suchcombinationor blending.

Amalgamation
Results

d

I HypermatrixorientedSN amalgamation
I Intra-Blockamalgamation
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Intra-Block Amalgamation:Original window

& &
S S
Data Submatrix & © .Q&(’
N «\Q
4 7
top row X X
X
bottomrow ——= | X
»
~— window
|
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Intra-Block Amalgamation:column-wise

Q
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tom row . R
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|
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Intra-Block Amalgamation:row-wise
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Intra-Block Amalgamation: Et cont Bxeauion

. of Matri)_(
row andcolumn-wise Compuations
J.R.Herrero
& &
O\Q& 0\\)6\
%—o ,('\\,(’
Data Submatrix ¥ Y
SML routines
top row Bit Vector
DenseWindov
X A X Amalgamation
Resul
<« X >
X
bottom row = ——~ Y \
window

RS

N n
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Results:QAPS8

Intra-Block Amalgamation

Effective Mflops

—~—amr=0
—amr=1
- amr=2
——amr=3

54

4 6
Columns amalgamated
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Results:QAP12

Intra-Block Amalgamation

Effective Mflops

230 -

220

210

—~—amr=0
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- amr=2
—+amr=3

200

55

4 6
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Results:TRIPART1

Intra-Block Amalgamation

Effective Mflops
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Results:TRIPART?2

Intra-Block Amalgamation

Effective Mflops

n n

w w

o [3)]
| |
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220 A

215 4
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210
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Results:;pds10

Intra-Block Amalgamation
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Results:pds20

Intra-Block Amalgamation

Effective Mflops
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Effective Mflops

Results:Original (without amalgamation)
vs Intra-blockamalgmation
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Performancef severalsparseCholesly codes:

FEM

A3
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A Framevork for
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Overheadn numberof operationsn sparseHM &iaisenion

of Matrix
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SparseHM Cholesk vs WSSMP

(12}

HM Cholesly portedto anothemplatform: Itanium?2
METIS optionsfor IPM matrices:

1 1,3,1,1,0,3,60,and5
Resultsncludeuseof HM orientedSN amalgamation
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SparseHM Cholesly vs WSSMP £t cont Execution

of Matrix
Computations

J.R.Herrero
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SparseHM Cholesk vs WSSMP

A8

Performance relative to best

OWSSMP OWSSMP LP @BWSSMP METIS LP mHM METIS LP
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Conclusionsaandfuturework

I Themosteffective overheadeductiontechniquesave
been:

I Useof SML routinesworking on rectangles
I Useof densewindows within datasubmatrices
I Useof Intra-Block Amalgamation

I Futurework

I Work onU insteadof L
I Storedatasubmatricegssupernodes

[o1¢}
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A bottom-upapproach Et cont Bxeauion

of Matrix
Computations
J.R.Herrero
In searchor high performance:
| Ef®cieng of innerkernelis of paramountmportance. S

HM Storage

SB Storage

Differentoptimalblock sizesfor differentprocessors
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A bottom-upapproach

First

79

Producannerkernelanddeterminebestblock size
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A bottom-upapproach Et cont Bxeauion

of Matrix

Computations
J.R.Herrero
Then
I Createstructurebasedn bestblock size CEEEiEEGaTEE
matrices
First

I Producdnnerkernelanddetermineestblock size
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Results:MIPS R10000

DenseCholesly andMatrix Multiplication

74

Mflops

500 4

450

400 -

350

300 -

250 -

200 -

150 4

100

50 4

0

1000 2000

3000 4000
Dimension

5000

6000

—HM

A Framevork for
Ef cient Execution
of Matrix
Computations

J.R.Herrero

DPOTRF (U)
DPOTRF (L)

Mflops

100 -

50

0

1000 2000 3000 4000 5000 6000 7000

Dimension



OrthogonaBlocks Et cont Bxeauion
of Matrix
Computations

J.R.Herrero

HM Storage

Constructedothatthedirectionsof the blocksof adjacent
levelsaredifferent.
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Results:Size45070n Itanium?2

HM matrix multiplicationusingseveralloop orders
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A Framevork for
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DenseCholesly andMatrix Multiplication ity
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J.R.Herrero
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Results:Alpha21264A
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SimpleSquareBlock (SB) storage:

matricesalignedandstoredby submatrices.

mtofree
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SimpleSBstorageC= C Al

Resultson Pover4

B
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SimpleSBstorageC=C A' B

Resultson Pentium4
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SimpleSBstorageC=C A' B

Resultson Itanium?2
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Densecodes:Conclusions

I Ef®cieng/ of innerkernelis of paramountmportance.

i Differentoptimalblock sizesfor differentprocessors
I Fundamentahspectdo achieve high performance:
I dataaccessewith strideone;

I dataproperlyaligned;
I storeoperationgemoved from theinnermostoop.

I lteratve+SBoutperformsRecursie+HM

I Iteratve+SB+SMLprovidescompetitve andstable
performance
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Outline

Applicationto other®elds: NearestNeighborClassi®cation
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Applicationto other®elds:

NearestNeighborClassi®cation

Applicationsin other®eldscanbene®tfrom the useof
techniquesvidely usedin linearalgebracodes:

use oating-pointoperationsnsteadof integerarithmetic;
applytiling;

loop unrolling;

softwarepipelining.

Conclusions:

fo12%

I A simplecodecansometimesutperformcomple codes

which canbe moredif®cult to implementef®ciently.

It canpayoff to do moreoperationsaslong asthey are
performedaster
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POSTmTE A Framevork for
Ef cient Exgcution
Performanc®rientedSofTwareDevelopmentAnd Tuning Environment cﬁémﬁns

J.R.Herrero

I maler: A front-endto male to easehebuild process.

I Handlecompilationon differentplatforms.
I Avoid problemsin a NetworkedFile System

I ACME: A framavork to ensureaccuratemeasurements.
I Avoid problemsdueto lack of precisionof timers.

I BMT: A benchnarkingtool. POSTRE
A frameawork to handlethetuning processautomatically
I Handlecompiletime andruntime parameters
automatically
I ManageDB
I Creatdibrary from optimumcombinationof parameters.
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Conclusions

90

Currentcompilerscangeneratevery ef®cientcodeswhen
working onsimpleandregularcodes

Thereis atrade-of betweerthe speedf analgorithm
and:
I computatiorof nonproductive operations.
I moreregularcodes

Fundamentahspectdo achieve high performance:
I dataaccessewvith strideone;
I dataproperlyaligned;
I storeoperationgemovedfrom theinnermostoop.
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H H A Framevork for
COﬂtfththﬂS Ef cient Execution
of Matrix
Computations

J.R.Herrero

I Generatiorof ef®cientcompileroptimizedinnerkernels
for different:

I Matrix sizes
I Platforms

I Highly competitve codesfor someimportantalgorithms
working on matrices:

I sparseCholesly factorizationusinga hypermatrixdata

structure.
I denseCholesly factorizatiorandmatrix multiplication

usinga squareblock datalayout. Condlusionand
I NearesiNeighborclassi®cation. futurework

I Environmentfor creationof high performanceodes aids
in the procesof building the code,obtainingaccurate
measurementgndbenchmarkinglifferentvariantsof
code.
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FutureWork

Q2

Improve creationof SML routinesusingmorerealistic
accesgatterns;

ImplementHM Cholesl onmatrix U to increasenumber
of accessewith strideone;

Allow for storageof datasubmatricegassupernodes;

Experimentwith anIncompleteCholesly factorization;
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Outline

SparseHypermatrixCholesly Factorization
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IPM: Matrix Characteristics

Matrix Dimension NZs NZsin L2 Density Flopsto facto®
GRIDGEN1 330430 3162757 130586943 0.002 278891
QAP8 912 14864 193228 0.463 63
QAP12 3192 77784 2091706 0.410 2228
QAP15 6330 192405 8755465 0.436 20454
RMFGEN1 28077 151557 6469394 0.016 6323
TRIPART1 4238 80846 1147857 0.127 511
TRIPART2 19781 400229 5917820 0.030 2926
TRIPART3 38881 973881 17806642 0.023 14058
TRIPART4 56869 2407504 76805463 0.047 187168
pdsl 1561 12165 37339 0.030 1
pds10 18612 148038 3384640 0.019 2519
pds20 38726 319041 10739539 0.014 13128
pds30 57193 463732 18216426 0.011 26262
pds40 76771 629851 27672127 0.009 43807
pds50 95936 791087 36321636 0.007 61180
pds60 115312 956906 46377926 0.006 81447
pds70 133326 1100254 54795729 0.006 100023
pds80 149558 1216223 64148298 0.005 125002
pds90 164944 1320298 70140993 0.005 138765

| anumberof non-zerosn factorL (matrix orderecusingMETIS).
| bNumberof “oatingpointoperationgin Millions) necessaryo obtainL from the original matrix (ordered

with METIS).

Q5

A Framevork for
Ef cient Execution
of Matrix
Computations

J.R.Herrero

SparseHypermatrix
Cholesly



FEM: Matrix Characteristics

Matrix Dimension NZs NZsinL2 Density Flopsto factoP
bear 25906 412447 3278225 0.009 847
rail 11783 799545 3768886 0.054 1594
methan 48162 1234332 16631801 0.014 10493
nasasrb 54870 1366097 10489476 0.007 3496
cfdl 70656 949510 20910296 0.008 13523
cfd2 123440 1605669 37696869 0.005 31218
inline_1 503712 18660027 174608135 0.001 150974

@Numberof non-zerosn factorL (matrix orderedusingMETIS).
bNumberof “oatingpoint operationgin Millions) necessaryo obtainL from
theoriginal matrix (orderedwith METIS).
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Calls, ops& timeperA BT subroutineype

QAP8andQAP12

% per AxB' routine

Q7

QAP8

Calls

Flops

Time

QAP12

WIN_2D
OWIN_1DR
BWIN 1DC
oFULL

Calls
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Time
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